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A method of solving the plane problem for the nonlinear filtration of an incompressible liquid 
is proposed, assuming a power-type law of resistance, with rectilinear boundaries of the 
region of motion. The method is demonstrated for the case of filtration through a uniformly- 
porous wedge. 

S. A. Khristianovich [I] first indicated the possibility Of using the hodograph of S. A. Chaplygin [2] 
for studying nonlinear problems in filtration theory. This method was later used with success in [3, 4, 6]. 

The steady-state motion of an incompressible liquid in a porous medium characterized by a power 
resistance law is described by the equations: 

a OP ~ OP OT O~g 
v~--  v ~ Ox ; % = -  v ~ Og ; v~=-~-g ; v u = - - - - . O x  (1) 

If in system (I) we transform to Chaplygin variables and put 

v -: exp (~/~ n -~ 1); P = Q exp (n , /2]/ 'n + 1), (2) 

fo r  the funct ion  Q we obta in  the H e l m h o l t z  equa t ion  

02Q O~Q n ~ 
0 ~2 + O-d 4 ( n +  1) Q=O"  (3) 

Let the liquid filter through a wedge ABCD (Fig. 1) with a base angle rio. Let us assume that on the 
faceAC P =PI > 0, on the facesA]3 andBC 1 ~ =P2 =0, and at the pointD v =v I (7 =0). It is physically 
obvious that at the vertices A and C v = ~ (~- = ~). At the point B, as in linear filtration, we may con- 
sider that v = 0 0" =-r In the variables ~- the region of filtration appears in the form of an infinite strip 
2fi0 wide with a slot along the positive semiaxis of "r (Fig. 1). Owing to the presence of the slot (discon- 
tinuity), the function Q is not single-sheeted in this region. It is therefore appropriate to limit considera- 
tion to the upper part of the strip with fl0 >- fl -> 0; inside this region Q is single-sheeted. 

At the internal points of the region ABD Q is finite. Despite the singularities at points A and B, Q is 
absolutely integrable with respect to the variable ~'. This may Ue established from a physical consideration 
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Fig .  1. Region  of f i l t r a t ion .  
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of the c h a r a c t e r  of the s ingu la r i t i e s  at points  A and B. 
f o r m a t i o n  with r e s p e c t  to the va r i ab le  ~- m ay  be applied in the reg ion  of f i l t ra t ion .  

For the F o u r i e r  t r a n s f o r m  

we obtain the d i f fe ren t ia l  equat ion 

with boundary  condi t ions  

Thus  with r e s p e c t  to the funct ion Q a F o u r i e r  t r a n s -  

Q= iQ(~, [3)exp(--ik~)d~ 

013~ q ~ ) = O  q 2 =  k~ ~ 4 ( n +  

[Q(~) = .f Q(~, O)exp(--ik~)d~ for [ 3 =  O, 
(4) | =| 

[0 for f~ = f~o, 

the solut ion of which takes  the f o r m  

(~ = Q (k) (ch q [3 - - c t h q  [3osh q [3). (5) 

The or ig ina l  fo r  Q is d e t e r m i n e d  by the i n v e r s e  F o u r i e r  t r a n s f o r m a t i o n  f o r m u l a  

,j' 
Q = ~ Q(k)(chq[3--cthq[3oshq[3)expikxdk. (6) 

- - r  

Equat ion  (4) eontains  the a s - y e t u n k n o w n  function Q((,  0). In o r d e r  to d e t e r m i n e  this  we m u s t  sa t i s fy  the 

condi t ion  

OQ/O~--O for [3=0,  ~-~0. (7) 

In the plane of the hal f  wedge (Fig.  1) let us cons ide r  the line 1- = cons t .  F o r  "r < 0 we find Yl and Y2 
by moving  s u c c e s s i v e l y  f r o m  point  b to point  b T with r = const ,  and then with fi = fl0 along the face  of the 
wedge f r o m  b' to A. We shal l  make  use  of the Chaplygin equat ions  

(8) 

dx -- 1 [3 d ~ _ _ l  sin[3 d ~;  X~+I cos v 

d9 1 1 v n+l sin[3 d/5 + =-  cos[3 d W. 
)~ v 

In de t e rmin ing  Yl we use  the second  of Eqs .  (8), c a r r y i n g  the in t eg ra t ion  with r e s p e c t  to fi f r o m  0 to 
fi0. In this we employ  Eq. (6), changing the o r d e r  of in t eg ra t ion  with r e s p e c t  to X and ft. In ca lcu la t ing  Y2 
we c a r r y  out an in tegra t ion  of the second  of Eqs .  (8) with fi = rio for  1- va lues  be tween 1- and ~o. As  be fore  
we use  (6) with a change in the o r d e r  of in t eg ra t ion  with r e s p e c t  to ~- and X. Since acco rd ing  to (7) we 
should have Yl + Y2 = d, we now find 

-- ~ n + 2  
~ q cthq [3o Q ( ~ ) e x p i k ' ~ d k  -- exp 2 1 / h - - ~  ~. (9) 

2 n , ] ~  , . n + 2  

The  r e su l t an t  F o u r i e r - F r e d h o l m  equat ion s e r v e s  to d e t e r m i n e  the unknown Q(~, 0) fo r  ~- < 0. 

Let  us denote  the r i g h t - h a n d  side of Eq.  (9) for  any ~-(-r < r < r and put 

(~) = exp --2~/n__+ 1 ~ (~ < 0), 

(-c > o). 

we  e x p r e s s  r in the f o r m  of a sum 

r (~) = % (T) + r  (~'). 

H e r e  the unknown funct ion 
~ + ( ~ ) = 0  for ~ < 0 .  
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We further  introduce the notation 

where 

It is obvious that 

If we put 

O-(z) = 0-+(~)+0_ (~), 

~o 0 

Q+ (~) = S Q+ (~' O) exp (-- i Z~) d ~; Q--_ ()~) = f Q_(~, O) exp (-- i )~)d ~; 

0 

~+ (~) = j' ~+ (~) exp (-- i L~) d ~; ~_ (L) ~- j' ~_ (~) exp (-- i )~) d ~. 
0 --on 

~ _ ( ~ ) =  
n + 1 [~, + i(n + 2) /2Vn~+  1]' Q+ (~') = - 

Eq. (9) may be wri t ten in the form 

K(~)Q_(~)--~ 

~ - - i n / 2 V n +  1" 

K (k) = q cth q[%/(~ + " n 4- 2 

K (~) z 
n + 2  - - i~+ (Z). (10) 

We study Eq. (10) by the Wiene r -Hopf  method [5]. F i r s t  let us factorize the meromorphie  function 
K(X). Putting 

K (x) = ~+ (~) (p_ (~), 

where ~+(X) and ~_ (X) are  whole functions not having zeros  in the lower half plane (including the real  axis) 
and the upper half plane (also embracing the real  axis) respect ively ,  we easi ly find that 

co 

17 [ 2 2k - -  I- (~ - -  isk) exp . 
IS k ~+ (~) = k=l 

k=l  l f k  

2k--  1 1 

(~ + irk) exp --~r h 

/ n - - 2  + 
2 ~-n--~-T] \ 

Here  

Since the series Z 
k = l  

1 /  k2~ 2 n _ _ _ ~  '2 " V / (2k--1)2~ 9~ n ~  
r~= " 13o 2 + 4 ( n + l ) '  sk= 4132 + 4 ( n + l ) '  

r k - s k / r k s  k converges,  another faetorization is permiss ib le :  

K ( z ) = r  (~) 
~,+i  n + 2  

21 in+  1 

where  

cp_(~)= 2 k - - 1  ~ + i r  k 2 k - - 1  ~,-- ir  k 
k = l  k = l  

Equation (10) may now be wri t ten in the form 

i ]q~_Q,) X /~'+(~) ( ,%+i n_+__2 (11) 
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Qlr,0~ 

o) 

o o,~ qe t,2 ~" 
Fig. 2. Curves  of the function Q(r, 

O) ('r< 0): 1)fl o = 7r/4; 2)fi o = 7r/6. 

The left-hand side of Eq. (11) has  a pole at the point X = in/2~f(n 
+1) in the  upper  plane with a ce r ta in  mult ipl ici ty m.  If we mul t i -  
ply (11) by ( X - i n / 2 d n  + 1) m we obtain functions on the left and 
r ight  which a re  r egu l a r  in the upper  and lower  half  plane r e s p e c -  
t ively and also coincident and r egu la r  in a ce r ta in  s t r ip  including 
the r ea l  axis .  Thus,  s ta r t ing  f rom the pr inciple  of analyt ical  
continuation, we find that the r e su l t  of the mult ipl icat ion of (11) 
by ( X - i n / 2 ~ )  m const i tutes  a whole function over  all the 
X plane; s ince in the half planes of r egu la r i ty  Q_(X) = O(1/~); 
r = O(1/X); q+(X) = O(V-X); q_(X) = O(VX), this function may 
be expres sed  by a polynomial  of degree  m -  1 containing m 
p a r a m e t e r s .  Since Q_0", 0) should sa t i s fy  two conditions, namely  
1) the res idue  of Q_(X) at the point X = in /24n  + 1 should be zero,  
o therwise  as r ~ - ~  Q_(~', 0) would be of the o rder  of exp (m- 

/ 2 V n +  1) - - ~  ; and 2) Q(0, 0) = 1, we find that the polynomial  should contain a l together  two p a r a m e t e r s .  
This  means  a polynomial  of the f i r s t  degree .  

Thus we have: 

~_(~,) = i _ _  + a + ib (12) 
~--in/21/n:+ 1 (~,--in/2]fn-r 1)2q)_(~,) 

In view of the r e a l ne s s  of Q-0", 0), a and b a re  h e r e  r ea l  p a r a m e t e r s .  Allowing for  condition 1) we obtain 
f r o m  (12): 

i ae?~ (in/21'n--'-l) bn r ~) ib 
- -  ~ - ( / ~  n T 1 )  + 2 V n +  l~ ( in /2  r-~-Vn+l) . _ _ = 0 .  ~_ (in~2 V n + 1) 

If we introduce a function of the r ea l  va r iab le  z -> 0 
a~ 

O)(z, n, 8)=1-- I  2k - -1  z _ r  h , 
2k z ~- s~ 

k = l  J 

instead of the preceding  equation we may wri te  

'a*' (n/21/n + l )+ .b[  2,,.'~ln- qY(n/2]/n + l ) . - - q 3 ( n / 2 / n ~ - ~ ] =  l. (13) + 
Since in the lower half  plane Q_(X) = O(1/k), the or iginal  for  the function Q_(X) may  be obtained by using 
the res idue  theo rem.  Since Q_(X) has  s imple  poles  at the points k = is k, on consider ing condition 1) we 
have 

; Q_ (x, 0) = ~ (~_ (~) exp i ~.'~ d ~ = (s k + n/2]fln + 1)2sk qb (sh) 
- - ~  k = l  

b ~ exp s k 
8-2o ~ (s h + n/2 V-n + 1)~P (sk) (14) 

Using condition 2) we obtain 

I~g = a (sh+ n / 2 v n +  1)~sh �9 (sh) (skq-n/2 ~/n+ 1)~(sh)" 
k = l  k ~ l  

The sy s t em of equations (13), (15) de t e rmines  the values  of a and b: 

B--~[cP(n/2, /n4- .  1) 2 vn--n-? l* ' (n/2~ n q-1)J 
( ~  

A[(P(n/Z]flt~ w-' 1) 2 Vn'F n ~- , * '  ( n / 2 V ~ ) . l  I+ BcD'(n/2V-n + 1)' 
(16) 

A -~ [5oqY (n/2 ,; n + 1 ) 

b= i 2 V n + l  j ' A ~ ( n / 2 V n ~  1)--  n .~ tl)' (n /2 ] f ln~ ,  1) ~-Bq)'(n/2]fln + 1) 
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where 

~ 1 . 1 
A = (s k + n / 2  V n  + 1)~sk q)(sk) ' B = (s k + n / 2 ~  n + 1)~O(sh) 

~ = I  k = l  

In o rde r  to de te rmine  the f i l t ra t ion p a r a m e t e r  X, we use  the express ion  for  dx  on the s y m m e t r y  axis: 

2 t / ~ - i  Q- (% O) exp d �9 - -  - e• ~ . 2 V n + l  ] OT 2 ~ / n - ~  

In tegra t ing  Eq. (17) with r e s p e c t  to ~" f r o m  0 to - ~  and using (14) we obtain 

ctg~o ' ~  a - -  bs h 

n + 2 1)s~r (s))" 

F igure  2 shows the cu rves  of Q0", 0) for  n = 1 and fl0 = ~r/4; fi0 = ~ / 6 .  
spec t ive ly  equalled 1.99 and 3.55. 

v 

v x = vcosfi ,  Vy = vsinf l  

v 1 
-- v/vl, '~x -- Vx/Vl, 

Vy = Vy/V~ 
P 

p = P/p  

d 
= x / d ,  ? = y / d  

n_>0  

X 

(17) 

(18) 

In these cases  the p a r a m e t e r  • r e -  

NOTATION 

is the filtration velocity; 
its projections on the coordinate axes; 

is the angle between the filtration velocity vector and the Dx axis; 
is the characteristic velocity; 
are the dimensionless velocity and its projections on the coordinate axes; 

is the p r e s s u r e ;  
is  the cha r ac t e r i s t i c  p r e s s u r e ;  
is the d imens ion less  p r e s s u r e ;  
is the c h a r a c t e r i s t i c  dimension;  
a r e  the d imens ion less  coordina tes ;  
is the degree  of f i l t ra t ion;  at n = O the f i l t ra t ion  obeys the D ' A r c y  law, at 
n > 0 the f i l t ra t ion is nonl inear ;  
is the constant  of power - l aw  f i l t ra t ion depending on the physica l  p r o p e r t i e s  
of the porous  ma te r i a l ;  
is the d imens ion less  f i l t ra t ion p a r a m e t e r ;  
is the cu r ren t  funqtion; 
is the F ou r i e r  p a r a m e t e r .  

1, 

2. 

3. 

4. 
5. 

6. 
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